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Abstract
We investigate deformations of extremal near-horizon geometries in Einstein-
Maxwell-Dilaton theory, including various topological terms, and also in D=11 su-
pergravity. By linearizing the field equations and Bianchi identities over the compact
spatial cross-sections of the near-horizon geometry, we prove that the moduli as-
sociated with such deformations are constrained by elliptic systems of PDEs. The
moduli space of deformations of near-horizon geometries in these theories is there-
fore shown to be finite dimensional.
1 Introduction
The relationship between near-horizon geometries and black hole solutions is of con-
siderable interest. Although every extremal black hole has a well-defined near-horizon
geometry, obtained by taking a certain decoupling limit of the black hole solution, there
is currently no way to definitively determine if a given near-horizon geometry can be ex-
tended away from the near-horizon limit to produce a genuine black hole solution. There
are also issues of uniqueness in higher dimensions. The strong uniqueness theorems es-
tablished in four dimensions [1, 2, 3, 4, 5, 6, 7] break down, and there exist different black
hole solutions with the same asymptotic charges, and also different black hole solutions
with the same near-horizon geometries. For example, in five dimensions, the near horizon
geometry AdS3×S2 admits two possible extensions, one to a supersymmetric black string
[8], and the other to a supersymmetric black ring [9], though with different asymptotic
conditions. There could also be other extensions in this case.
At the level of the near-horizon geometries, significant progress has been made in
classifying such solutions, e.g. [10, 11, 12, 13, 14]. For non-supersymmetric solutions,
the classifications assume the existence of sufficiently many rotational U(1) isometries
on the spatial cross-sections of the event horizons. For supersymmetric solutions, index
theory techniques have been developed which constrain the number of supersymmetries,
and which in many cases imply that supersymmetry is enhanced. The next step is to
determine which near-horizon geometries actually correspond to a genuine black hole,
perhaps with a given asymptotic geometry. In principle, this could be done by using the
fact that in the neighbourhood of a Killing horizon, the metric can be written in Gaussian
Null co-ordinates [15, 16]. There is a radial co-ordinate r, such that the horizon is located
at r = 0, and the near-horizon solution corresponds to taking the lowest order terms in r in
various components of the metric, which are assumed to be analytic in r. Determining the
extension of the near-horizon solution amounts to solving the Einstein equations at higher
and higher order in r. If the theory is also coupled to some matter, such as scalars or gauge
fields, then these also must be appropriately expanded out order by order in r, and the
various field equations solved at higher orders in r. In practice, this is extremely involved,
and furthermore the Gausiann Null co-ordinate system in general will break down for
sufficiently large r, so incorporating asymptotic data into the extension is difficult. It is
unknown if one can systematically classify obstructions to such an extension.
In the absence of a comprehensive understanding of the theory of extensions of near-
horizon geometries, we shall restrict ourselves to the first order problem. By this we mean
that we shall consider the first order terms in r in the Taylor expansion of the metric, and
other matter fields, and view such terms as being small perturbations of the near-horizon
solution. The field equations are linearized with respect to these moduli, and we consider
the issue of whether the space of moduli is finite dimensional. If the moduli space were
to fail to be finite dimensional, then this would imply very little control over the possible
extensions of near-horizon geometries.
In this work, we shall investigate in particular the cases of Einstein-Maxwell-Dilaton
theories in any dimension, including topological terms in the special cases D = 4, 5; and
also D = 11 supergravity, for which the topological term coupling is kept arbitrary. We
show that the moduli space of first order radial deformations of any near-horizon solution
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of such theories is finite dimensional. The method we shall use is a development of that
which was first used to analyse the transverse moduli spaces of near-horizon solutions
in higher dimensional Einstein gravity coupled to a cosmological constant in [17], and
following that, in the case of minimal D=5 ungauged supergravity [18]. In the latter
analysis, supersymmetry was used extensively in order to obtain conditions on the gauge
field strength. Here, we shall not make any use of supersymmetry, and we work purely in
terms of bosonic field equations.
The analysis proceeds in two steps. First, some of the metric and matter field moduli
are fixed in terms of the other metric and matter field moduli, by making use of some
of the Bianchi identities and field equations. Secondly, once these moduli are fixed,
elliptic systems of PDEs are obtained which constrain the remaining metric and matter
moduli, again by exploiting some of the Bianchi identities and field equations. Assuming
that the spatial cross-sections of the near-horizon geometries are compact, this implies
that the moduli space associated with the moduli appearing in these elliptic equations
is finite dimensional, via standard Fredholm theory. On making use of the moduli fixing
conditions, this in turn implies that the entire moduli space is finite dimensional.
The plan of this paper is as follows. In section 2, we introduce our notation, and
consider in particular the metric transverse moduli. We also consider the gauge transfor-
mations which act on these moduli, and recall the proof that a gauge can be chosen for
which the metric trace modulus lies in the kernel of an elliptic operator, which decouples
entirely from all the other moduli [17]. In sections 3 and 4 we analyse the Einstein-
Maxwell-Dilaton and D=11 supergravity theories respectively. For both theories, the
matter field moduli are found, the moduli fixing conditions for metric and matter moduli
are obtained, and the elliptic systems of PDEs on the remaining moduli are determined
explicitly. In section 5 we present our conclusions.
2 Metric Moduli
In this section we briefly describe the metric moduli associated with radial deformations
of extremal near-horizon geometries. These moduli were first considered in the analysis of
transverse deformations of extremal horizons in pure gravity with a cosmological constant
constructed in [17], and we summarize them here for convenience.
The metric moduli are common to all of the theories which we shall consider in the
following sections. We assume that the black hole event horizon is a Killing horizon, and
use Gaussian Null co-ordinates (u, r, yA) adapted to the Killing horizon [15, 16]. The
metric written in these co-ordinates is
ds2 = 2du
(
dr + rh− 1
2
r2∆du
)
+ ds2S (2.1)
where ∂
∂u
is an isometry of the geometry, which is null on the Killing horizon at r = 0.
The metric
ds2S = gABdy
AdyB (2.2)
is the metric on spatial cross-sections of the geometry, which is u-independent and analytic
in the radial co-ordinate r, and ∆, h are a scalar and 1-form on S. ∆ and h are also
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u-independent, and analytic in r. We shall refer to g, ∆ and h as the horizon (metric)
data. In what follows, we shall take ei to be an orthonormal basis for S. In what follows
we shall find it particularly useful to choose a light-cone basis
e+ = du , e− = dr + rhAdy
A − 1
2
r2∆du , (2.3)
with respect to which the spacetime metric is
ds2 = 2e+e− + ds2S . (2.4)
To obtain the moduli associated with the horizon data, we simply Taylor expand the
horizon data in r,
∆ =
◦
∆ (y) + rδ∆(y) +O(r2),
h =
◦
h (y) + rδh(y) +O(r2),
g =
◦
g (y) + rδg(y) +O(r2) (2.5)
where
◦
∆,
◦
h,
◦
g are the zeroth order terms, and the metric moduli are δ∆, δh, δg. We shall
assume that
◦
S, equipped with metric ◦g, is compact.
The metric moduli admit a gauge transformation, associated with infinitessimal dif-
feomorphisms, assumed to be of the same order as the metric moduli, generated by the
vector field [17]
ξ =
1
2
f
(
dr + r
◦
h −1
2
r2
◦
∆ du
)
− 1
4
r2
(
◦
∆ f + L◦
h
f
)
du− 1
2
rdf (2.6)
for an arbitrary smooth function f on S; with respect to which the horizon data transform
as
δgij → δgij+
◦
∇i
◦
∇j f−
◦
h(i
◦
∇j) f
δhi → δhi + 1
2
◦
∆
◦
∇if − 1
4
(
◦
∇i
◦
hj)
◦
∇
j
f − 1
4
◦
hi
◦
hj
◦
∇
j
f +
1
2
(
◦
∇j
◦
hi)
◦
∇
j
f +
1
4
◦
hj
◦
∇i
◦
∇
j
f
δ∆ → δ∆+ 1
2
◦
∇
i
f
(
◦
∇i
◦
∆ −
◦
hi
◦
∆
)
, (2.7)
where indices i, j, . . . are with respect to the orthonormal basis ei
∣∣
r=0
on
◦
S, and
◦
∇ denotes
the Levi-Civita connection on
◦
S.
Before considering the moduli space calculations of the Einstein-Maxwell-Dilaton and
D=11 supergravity theories, we shall first consider the trace modulus δgk
k. This is con-
strained by an elliptic PDE which decouples from the matter content, and is common to
all of the theories. To see this note that under the transformation (2.7)
δgk
k → δgkk +Df (2.8)
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where D, and its adjoint D†, are given by
D ≡
◦
∇
2
−
◦
h
i ◦
∇i , D† =
◦
∇
2
+
◦
h
i ◦
∇i +
◦
∇
i ◦
hi . (2.9)
We decompose δgk
k as a sum of two terms, φ ∈ ImD, and φ⊥ ∈ (ImD)⊥ as
δgk
k = φ+ φ⊥ . (2.10)
Therefore
φ = D(τ), D†φ⊥ = 0 (2.11)
where τ is a smooth function. On setting f = −τ in (2.8), we have
δgk
k = φ⊥ (2.12)
and hence (
◦
∇
2
+
◦
h
i ◦
∇i +
◦
∇
i ◦
hi
)
δgk
k = 0 . (2.13)
This is an elliptic PDE. This condition is independent of the matter content of the theory
which we couple to gravity. We shall make use of this result in the analysis of the metric
moduli in the following sections, in which we consider various different theories, and
their associated moduli spaces. In particular, the linearized Einstein equations include a
Hessian term in δgk
k. Without the gauge fixing condition, this term would destroy the
ellipticity of the associated equation. However, as the trace modulus is fixed by (2.13),
the linearized Einstein equation acting on the traceless part of δg will be elliptic.
3 Horizons in Einstein-Maxwell-Dilaton theory
In this section, we consider the moduli space associated with the Einstein-Maxwell-Dilaton
theory in D dimensions. The theory has a D-dimensional metric gˆ, as well as Abelian
gauge 2-form field strengths F I = dAI , I = 1, ..., N and uncharged scalars φa, a = 1, ...,M ,
governed by the action:
S =
∫
dDx
√−g
(
R− 1
2
fab(φ)∇µφa∇µφb − V (φ)− 1
4
QIJ(φ)F
I
µνF
J µν
)
, (3.1)
where the couplings fab and QIJ are functions of the scalar fields φ
a.
The Einstein, gauge and scalar field equations are:
Rµν − 1
2
fab∇µφa∇νφb − 1
2
QIJF
I
µαF
J
ν
α +
1
D − 2 gˆµν
(
1
4
QIJF
I
αβF
J αβ − V
)
= 0 , (3.2)
and
∇ν (QIJF Jνµ) = 0 , (3.3)
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and
fab∇µ∇µφb + (∂bfac − 1
2
∂afbc)∇µφb∇µφc − ∂aV − 1
4
∂aQIJF
I
µνF
J µν = 0 , (3.4)
where ∂a ≡ ∂/∂φa. The Bianchi identity is
dF I = 0 . (3.5)
We furthermore assume that ∂
∂u
is a symmetry of the full solution, i.e.
L∂uAI = 0 , L∂uφa = 0 . (3.6)
The scalar fields φa depend only on r and yA, and the field strengths F I are written in
the Gaussian Null co-ordinates as
F I = ΨIdu ∧ dr + rW IAdu ∧ dyA + ZIAdr ∧ dyA +
1
2
F˜ IABdy
A ∧ dyB , (3.7)
where ΨI is a u-independent scalar, W I , ZI are u-independent 1-forms, and F˜ I is a u-
independent 2-form defined on S. In particular, when written in the light-cone basis, the
field strengths are
F I = ΨIe+ ∧ e− + re+ ∧
(
W I −ΨIh+ 1
2
r∆ZI
)
+ e− ∧ ZI +HI , (3.8)
where
HI = F˜ I − rh ∧ ZI . (3.9)
The Bianchi identity imposes the following set of conditions on the F I components
d˜W I = 0 , d˜ΨI −W I − rW˙ I = 0 ,
d˜ZI − H˙I − h ∧ ZI − rh˙ ∧ ZI − rh ∧ Z˙I = 0 ,
d˜HI + rd˜h ∧ ZI − rh ∧ d˜ZI = 0 , (3.10)
where we denote by d˜ the exterior derivative restricted to hypersurfaces r = const, and
by ξ˙ the Lie derivative of ξ along the vector field ∂
∂r
, i.e.
ξ˙ ≡ L ∂
∂r
ξ . (3.11)
The decomposition of (3.2), (3.3) and (3.4) in terms of the horizon data is given in
Appendix A.1.
3.1 Moduli space computation
To begin the moduli space computation, we consider the moduli associated with the scalar
fields and the components of the gauge field strengths.
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The scalar fields are Taylor expanded as
φa =
◦
φa + rδφa +O(r2) (3.12)
The ΨI , W I and HI components of F I are expanded as
ΨI =
◦
ΨI + rδΨI +O(r2)
W I =
◦
W I + rδW I +O(r2)
HI =
◦
HI + rδHI +O(r2) (3.13)
There is however a subtlety with respect to the ZI components. The ZI terms appear
in the F I as dr ∧ ZI , which scales linearly with r, and hence we expand ZI as
ZI = δZI +O(r) (3.14)
So, with these expansions, the scalar moduli are δφa, and the gauge field moduli are
{δΨI , δW I , δZI , δHI}.
The above expansions are chosen to be consistent with taking the near-horizon limit.
To take the near-horizon limit, we take
(u, r, yA) −→ (ǫ−1u, ǫr, yA) , ǫ ∈ R>0 . (3.15)
On making this transformation, we note that all moduli terms (metric, scalar and gauge)
are linear in ǫ. The near-horizon limit is obtained by taking ǫ → 0. Our choice of ZI
moduli expansion is also required for consistency with the −− component of the Einstein
equation.
Having determined the moduli expansions, we start to analyse the conditions imposed
on the moduli. From the Bianchi identity, we find the following conditions:
d˜δΨI = 2δW I , (3.16)
d˜δZI −
◦
h ∧ δZI − δHI = 0 . (3.17)
At this stage we shall specify which of the moduli are fixed by Bianchi identities and
field equations. Equation (3.16) fixes δW I in terms of δΨI , and (3.17) fixes δHI in terms
of δZI . By using the − component of the gauge field equation (A.8), we fix δΨI as follows
δΨI =
◦
∇
i
δZIi −
◦
h
i
δZIi +
◦
Q
IK
∂a
◦
QKJ
◦
∇
i ◦
φ
a
δZJi −
1
2
◦
Ψ
I
δgk
k −
◦
Q
IK
∂a
◦
QKJ
◦
Ψ
J
δφa , (3.18)
By using the −i and the +− components of the Einstein equations, (A.5) and (A.2), we
fix δh and δ∆ respectively as follows
δhi =
1
2
◦
∇iδgkk − 1
2
◦
∇
j
δgji − 1
4
◦
hiδgk
k +
1
2
δgij
◦
h
j
+
1
2
◦
fabδφ
a
◦
∇i
◦
φ
b
+
1
2
◦
QIJ(
◦
Ψ
I
δZJi + δZ
I j
◦
H
J
ij) , (3.19)
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and
δ∆ =
1
3
◦
∇iδhi + 1
12
◦
h
i ◦
∇iδgkk −
◦
h
i
δhi − 1
6
◦
∆δgk
k − 1
12
◦
hi
◦
h
i
δgk
k +
1
3
δgij
◦
h
i ◦
h
j
− 1
6
δgij
◦
∇
i ◦
h
j
− 1
6
◦
h
j ◦
∇
i
δgij +
1
6(D − 2)δφ
a∂a
◦
QIJ(2
◦
H
I
ij
◦
H
J ij
+ (D − 3)
◦
Ψ
I ◦
Ψ
J
)
+
1
3(D − 2)
◦
QIJ(2δH
I
ij
◦
H
J ij
− 2
◦
H
I ℓ1
j
◦
H
J ℓ2j
δgℓ1ℓ2 + (D − 3)
◦
Ψ
I
δΨJ)
− 1
3(D − 2)δφ
a∂a
◦
V +
4−D
6(D − 2)
◦
QIJ(
◦
W
I
i δZ
J i −
◦
Ψ
I ◦
h
i
δZJi ) . (3.20)
So, the δW I , δHI , δΨI , δh, δ∆ moduli are fixed in terms of the moduli δZI , δg, δφa. We
remark that the moduli δΨI , δh, δHI are linear in δZI , δg, δφa,
◦
∇δZI ,
◦
∇δg,
◦
∇δφa, whereas
δW I , δ∆ involve some second order derivative terms on δZI , δg, δφa.
We now turn to the remaining moduli δZI , δg, δφa. We shall use the Bianchi identi-
ties and field equations to construct elliptic systems of PDEs constraining these moduli,
making use of the moduli fixing conditions on δW I , δΨI , δh, δ∆.
We start with the δZI moduli. On taking the divergence of (3.17), we obtain
◦
∇
j ◦
∇jδZIi −
◦
∇i
◦
∇
j
δZIj −
◦
RijδZ
I j − δZIi
◦
∇j
◦
h
j
−
◦
h
j ◦
∇jδZIi + δZI j
◦
∇j
◦
hi +
◦
hi
◦
∇
j
δZIj −
◦
∇
j
δHIji = 0 , (3.21)
where
◦
R denotes the Ricci tensor of
◦
S. Using the i component of the gauge field equation
(A.9), we express
◦
∇
j
δHIji as
◦
∇
j
δHIji = −
◦
∇i
◦
∇
j
δZIj +
◦
∇i(
◦
h
j
δZIj )−
◦
Q
IK
∂a
◦
QKJ
◦
∇i(
◦
∇
j ◦
φ
a
δZIj )
+
1
2
◦
∇i(
◦
Ψ
I
δgk
k) +
◦
Q
IK
∂a
◦
QKJ
◦
∇i(
◦
Ψ
J
δφa) + δgℓ1ℓ2
◦
∇
ℓ1 ◦
H
I ℓ2
i +
◦
∇
j
δgjk
◦
H
I k
i
− 1
2
◦
∇jδgkk
◦
H
I j
i +
1
2
◦
∇jδgki
◦
H
I j
k +
1
2
◦
∇iδgjk
◦
H
I j
k − 1
2
◦
∇kδgij
◦
H
I jk
+ 2
◦
hiδΨ
I + 2
◦
Ψ
I
δhi + 2
◦
h
j
δHIji + 2δh
j
◦
H
I
ji − δφb∂b
◦
Q
IK
∂a
◦
QKJ
◦
∇
j ◦
φ
a ◦
H
J
ji
− δφb
◦
Q
IK
∂a∂b
◦
QKJ
◦
∇
j ◦
φ
a ◦
H
J
ji −
◦
Q
IK
∂a
◦
QKJ(
◦
H
J
ji
◦
∇
j
δφa + δHJji
◦
∇
j ◦
φ
a
)
+
◦
Q
IK
∂a
◦
QKJδgℓ1ℓ2
◦
∇
ℓ1 ◦
φ
a ◦
H
J ℓ2
i +
◦
Q
IK
∂a
◦
QKJδφ
a(
◦
Ψ
J ◦
hi −
◦
W
J
i +
◦
h
j ◦
H
J
ji)
− 2
◦
∆δZIi −
1
2
δgk
k(
◦
W
I
i −
◦
Ψ
I ◦
hi) + δgij(
◦
W
I j
−
◦
Ψ
I ◦
h
j
)
+
1
2
δgk
k
◦
h
j ◦
H
I
ji − 2
◦
h
j ◦
H
I k
iδgjk −
◦
hj
◦
H
I jk
δgki . (3.22)
Then we substitute this expression into (3.21); the
◦
∇j
◦
∇
i
δZIi terms cancel out. Further-
more, the terms linear in δHI , δh and δΨI are rewritten using the Bianchi identity (3.17)
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and (3.19), (3.18), producing terms linear in δZI , δg, δφa,
◦
∇δZI ,
◦
∇δg,
◦
∇δφa. The resulting
expression produces an elliptic PDE for δZI , with principal symbol generated by
◦
∇
2
.
Next, we consider the scalar moduli δφa. The linearized scalar field equation is
◦
∇i
◦
∇
i
δφa − δgij
◦
∇
i ◦
∇
j ◦
φ
a
−
◦
∇
i
δgij
◦
∇
j ◦
φ
a
+
1
2
◦
∇
i ◦
φ
a ◦
∇iδgkk − δhi
◦
∇i
◦
φ
a
−
◦
h
i ◦
∇iδφa
+δgij
◦
h
i ◦
∇
j ◦
φ
a
+ δφe
[
∂e
◦
f
ab
(∂c
◦
f bd −
1
2
∂bfˆcd) +
◦
f
ab
(∂c∂e
◦
f bd −
1
2
∂b∂e
◦
f cd)
]
◦
∇i
◦
φ
c ◦
∇
i ◦
φ
d
−
◦
f
ab
(∂c
◦
f bd −
1
2
∂b
◦
f cd)δgij
◦
∇
i ◦
φ
c ◦
∇
j ◦
φ
d
+ (2
◦
f
ab
∂(c
◦
fd)b −
◦
f
ab
∂b
◦
f cd)
◦
∇i
◦
φ
c ◦
∇
i
δφd
+
1
4
δφc(∂c
◦
f
ab
∂b
◦
QIJ +
◦
f
ab
∂b∂c
◦
QIJ)(2
◦
Ψ
I ◦
Ψ
J
−
◦
H
I
ij
◦
H
J ij
)
+
1
2
◦
f
ab
∂b
◦
QIJ(2
◦
Ψ
I
δΨJ −
◦
H
I
ijδH
J ij + δgℓ1ℓ2
◦
H
I ℓ1
k
◦
H
J ℓ2k
)
−δφc(∂c
◦
f
ab
∂b
◦
V +
◦
f
ab
∂b∂c
◦
V ) +
◦
∇
j ◦
φ
a
(
◦
h
i
δgij − 1
2
δgk
k
◦
hj)
+δφa(2
◦
∆+
◦
hi
◦
h
i
−
◦
∇
i ◦
hi)− δφc
◦
f
ab
(∂c
◦
f bd + ∂d
◦
f bc − ∂b
◦
f cd)
◦
h
i ◦
∇i
◦
φ
d
−2
◦
hi
◦
∇
i
δφa − 1
2
δZIi
◦
f
ab
∂b
◦
QIJ(
◦
W
J i
−
◦
Ψ
J ◦
h
i
) = 0 . (3.23)
The terms linear in δHI , δh and δΨI are again rewritten using the Bianchi identity (3.17)
and (3.19), (3.18), producing terms linear in δZI , δg, δφa,
◦
∇δZI ,
◦
∇δg,
◦
∇δφa. The resulting
expression produces an elliptic PDE for δφa, with principal symbol generated by
◦
∇
2
.
Lastly, we consider the metric moduli δg. The linearized ij component of the Einstein
equations is
◦
∇
2
δgij −
◦
∇i
◦
∇jδgkk − (
◦
∇ℓ
◦
∇j −
◦
∇j
◦
∇ℓ)δgℓi − (
◦
∇ℓ
◦
∇i −
◦
∇i
◦
∇ℓ)δgℓj = Aij , (3.24)
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where
Aij = (
◦
∇iδgkj +
◦
∇jδgki −
◦
∇
k
δgij)
◦
hk −
◦
∇(i(
◦
hj)δgk
k) + 2
◦
∇(i(δgj)k
◦
h
k
)
+ 2
◦
∇(i(
◦
∇j)
◦
φ
b ◦
fabδφ
a) + 2
◦
∇(i(δZJj)
◦
QIJ
◦
Ψ
I
) + 2
◦
∇(i(
◦
H
J
j)k
◦
QIJδZ
I k)
− 8
◦
h(iδhj) + 2(−
◦
∆+
1
2
◦
∇k
◦
h
k
−
◦
hk
◦
h
k
)δgij
− 2δg(ik
◦
∇|k|
◦
hj) − 2
◦
h
k ◦
∇(iδgj)k + 2
◦
h
k ◦
∇kδgij − 2
◦
h(i
◦
∇
k
δgj)k
+ 4
◦
hk
◦
h(iδgj)
k + 2
◦
h(i
◦
∇j)δgkk + δgkk(
◦
∇(i
◦
hj) −
◦
hi
◦
hj)− δφc∂c
◦
fab
◦
∇i
◦
φ
a ◦
∇j
◦
φ
b
− 2
◦
fab
◦
∇iδφa
◦
∇j
◦
φ
b
− δφa∂a
◦
QIJ
◦
H
I
ik
◦
H
J
j
k +
◦
QIJδgkℓ
◦
H
I
i
k
◦
H
J
j
ℓ + 2
◦
QIJδH
I
k(i
◦
H
J
j)
k
− 2
D − 2
◦
gijδφ
a∂a
◦
V +
1
2(D − 2)
◦
gijδφ
a∂a
◦
QIJ(
◦
H
I
kℓ
◦
H
J kℓ
− 2
◦
Ψ
I ◦
Ψ
J
)
+
1
2(D − 2)δgij
◦
QIJ(
◦
H
I
kℓ
◦
H
J kℓ
− 2
◦
Ψ
I ◦
Ψ
J
)− 2
D − 2δgij
◦
V
+
1
D − 2
◦
gij
◦
QIJ(δH
I
kℓ
◦
H
J kℓ
− δgmn
◦
H
I m
k
◦
H
J nk
− 2δΨI
◦
Ψ
J
) + 2δφa
◦
fab
◦
h(i
◦
∇j)
◦
φ
b
+
2
D − 2
◦
gij
◦
QIJδZ
I
ℓ (
◦
W
J ℓ
−
◦
Ψ
J ◦
h
ℓ
)− 2
◦
QIJ(
◦
W
I
(iδZ
J
j) −
◦
Ψ
I
δZJ(j
◦
hi)) , (3.25)
which is a linear expression in δZI , δφa, δg,
◦
∇δZI ,
◦
∇δφa,
◦
∇δg. Furthermore, in (3.24),
terms of the form (
◦
∇ℓ
◦
∇j −
◦
∇j
◦
∇ℓ)δgℓi can be rewritten as terms linear in δg and the
Riemann tensor
◦
R, hence can be incorporated into the algebraic term on the RHS. The
trace term δgk
k is fixed by the elliptic condition (2.13), so (3.24) is an elliptic set of PDEs
for the traceless part of δg, with principal symbol generated by
◦
∇
2
.
Taken together the conditions (3.21), (3.23), (3.24) and (2.13) constitute elliptic PDEs
on the moduli δZI , δφa, δg. The remaining moduli {δW I , δHI , δΨI , δh, δ∆} are fixed in
terms of {δZI , δφa, δg} by (3.16), (3.17), (3.18), (3.19) and (3.20). The moduli space is
therefore finite dimensional.
3.2 Including Topological Terms
In this section we shall add a topological term to the Einstein-Maxwell-Dilaton action
(3.1), and analyse explicitly in four and five dimensions any change to the analysis reported
in section 3.1. Such cases are of particular relevance in the context of four and five-
dimensional supergravity theories. We shall show in all cases that the addition of the
topological terms does not affect the principal symbol of the systems of PDEs. Therefore
we prove that the finiteness of the moduli space is also true in the presence of a topological
term in the action.
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3.2.1 Topological Terms in D = 4
In D = 4, we shall consider the following topological term
Stop =
∫
tIJ(φ)F
I ∧ F J , (3.26)
where tIJ(φ) are functions of the scalar fields. The gauge field equation, in the presence
of topological term, becomes
∇ν(QIJ(φ)F Jνµ) + ǫµνρσF J ρσ∇νtIJ(φ) = 0 . (3.27)
and the scalar field equation becomes
fab∇µ∇µφb + (∂bfac − 1
2
∂afbc)∇µφb∇µφc − ∂aV
− 1
4
∂aQIJF
I
µνF
J µν +
1
4
F IµνF
J
ρσǫ
µνρσ∂atIJ = 0 , (3.28)
The changes provided by the topological term relevant to the moduli space computation
are here presented. The − component of the gauge field equation, which enters into the
moduli fixing for δΨI , is modified by:
ǫ+−ij
(
∂atIJ φ˙
a(HJij + 2rhiZ
J
j )− 2ZJj ∂atIJ∇˜iφa
)
, (3.29)
which is linear on the moduli δφa and δZI . The i component of the gauge field equation,
which is used to construct the elliptic system for δZI , is modified by:
2ǫ+−ij
(
ΨJ∂atIJ∇˜jφa − rW Jj ∂atIJ φ˙a
)
, (3.30)
which when linearized includes terms terms linear in δZI , δΨI , δφa. On eliminating the
δΨI term, the extra terms can be rewritten as terms linear in δZI , δg, δφa,
◦
∇δZI , which
do not affect the ellipticity of the resulting system.
The scalar field equation is modified by:
ǫ+−ij∂atIJ
(
ΨIHJij + 2rZ
J
j (Ψ
Ihi −W Ii )
)
, (3.31)
and includes terms linear in δZI , δΨI and δHI . On eliminating the δΨI and δHI terms,
again the extra terms can be rewritten as terms linear in δZI , δg, δφa,
◦
∇δZI , which do
not affect the ellipticity of the resulting system.
3.2.2 Topological Terms in D = 5
In D = 5, we shall consider the topological term
Stop =
∫
CIJKA
I ∧ F J ∧ FK , (3.32)
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where CIJK are constants. The gauge field equation, in the presence of the topological
term, becomes
∇µ(QIJ(φ)F Jµν)−
1
4
CIJKǫνµρσλF
J µρFK σλ = 0 . (3.33)
We show here the relevant changes to the equations of motion. The − component of the
gauge field equation, entering into the δΨI moduli fixing condition, is modified by:
−CIJKǫ+−ijkZJi HKjk , (3.34)
which provides a linear contribution in δZI . The i component of the gauge field equation,
which enters into the construction of the elliptic system for δZI , is modified by:
CIJKǫ
+−ijk
(
−ΨJHKjk + 2r(W Jj −ΨJhj)ZKk
)
, (3.35)
which when linearized includes terms terms linear in δZI , δΨI . On eliminating the δΨI
term, the extra terms can be rewritten as terms linear in δZI , δg, δφa,
◦
∇δZI , which do
not affect the ellipticity of the resulting system.
4 D=11 Supergravity
The bosonic field content of D=11 supergravity is the D=11 metric gˆ, and a 4-form F ,
F = dC. The analysis of the moduli of transverse deformations of extremal horizons in
D = 11 supergravity proceeds in a rather similar fashion to that of the Einstein-Maxwell-
Dilaton theory. We shall again assume that the Killing vector ∂
∂u
is a symmetry of the
full solution, i.e.
L ∂
∂u
F = 0 , (4.1)
We decompose F in Gaussian Null co-ordinates as
F = du ∧ dr ∧Ψ+ rdu ∧W + dr ∧ Z +X (4.2)
where Ψ is a u-independent 2-form, W,Z are u-independent 3-forms, and X is a u-
independent 4-form on S, which are all assumed to be analytic in r.
The Bianchi identity dF = 0 then decomposes as
d˜Ψ−W − rW˙ = 0, d˜W = 0, d˜Z − X˙ = 0, d˜X = 0 . (4.3)
The gauge field equations are given by
∇νFνλ1λ2λ3 =
q
(4!)2
ǫλ1λ2λ3
µ1µ2µ3µ4µ5µ6µ7µ8Fµ1µ2µ3µ4Fµ5µ6µ7µ8 (4.4)
where q is a constant. Here we have included a topological term in the action proportional
to qF∧F ∧C. On imposing supersymmetry, the value of q is fixed by requiring consistency
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of the gauge field equations with the integrability conditions of the gravitino Killing spinor
equations. However, here our analysis is purely in the bosonic sector, so the value of q is
kept arbitrary.
Finally, we have the Einstein equations:
Rµν =
1
12
Fµλ1λ2λ3Fν
λ1λ2λ3 − 1
144
gˆµνFλ1λ2λ3λ4F
λ1λ2λ3λ4 . (4.5)
The decomposition of (4.4) and (4.5) in terms of the horizon data is provided in Appendix
A.2.
4.1 Moduli space computation
In this section we shall prove the finiteness of the black hole moduli space in D = 11
supergravity by using the same procedure adopted for the Einstein-Maxwell-Dilaton the-
ory. We must again identify the moduli associated with the gauge fields, in this case the
4-form F . We shall adopt the following expansions for Ψ, W and X via
Ψ =
◦
Ψ+ rδΨ+O(r2)
W =
◦
W + rδW +O(r2)
X =
◦
X + rδX +O(r2) . (4.6)
For the Z moduli, we note that as Z appears in F as dr ∧ Z, which scales linearly with
r, we shall expand out Z as
Z = δZ +O(r) (4.7)
This expansion is consistent with requiring that under the transformation
(u, r, yA) −→ (ǫ−1u, ǫr, yA) , ǫ ∈ R>0 . (4.8)
all moduli terms are linear in ǫ, as well as being required for consistency with the −−
Einstein equation. The gauge theory moduli are therefore δΨ, δW, δX, δZ.
As done previously, we shall use the Bianchi identities and field equations to fix some of
the metric and gauge field moduli. The Bianchi identity provides the following conditions:
d˜δΨ = 2δW , (4.9)
d˜δZ = δX , (4.10)
which we use to fix δW and δX , respectively, in terms of δΨ and δZ. By using the −k1k2
component of the gauge field equations (4.4), we further fix δΨ as
δΨk1k2 =
◦
∇
ℓ
δZℓk1k2 −
◦
h
ℓ
Zℓk1k2 + δgk1
ℓ
◦
Ψℓk2 − δgk2ℓ
◦
Ψℓk1
− 1
2
δgℓ
ℓΨk1k2 −
q
72
ǫk1k2
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7δZℓ1ℓ2ℓ3
◦
Xℓ4ℓ5ℓ6ℓ7 . (4.11)
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Also, by using the −i and +− components of the Einstein equations (A.18) and (A.16),
we fix δh and δ∆ respectively as follows
δhi =
1
2
◦
∇iδgkk − 1
2
◦
∇
j
δgji +
1
2
δgij
◦
h
j
− 1
4
◦
hiδgk
k
+
1
4
◦
Ψℓ1ℓ2δZi
ℓ1ℓ2 +
1
12
δZℓ1ℓ2ℓ3
◦
X i
ℓ1ℓ2ℓ3 , (4.12)
and
δ∆ =
1
3
◦
∇iδhi + 1
12
◦
h
i ◦
∇iδgkk −
◦
h
i
δhi − 1
6
◦
∆δgk
k − 1
12
◦
hi
◦
h
i
δgk
k +
1
3
δgij
◦
h
i ◦
h
j
− 1
6
δgij
◦
∇
i ◦
h
j
− 1
6
◦
h
j ◦
∇
i
δgij +
1
9
δΨℓ1ℓ2
◦
Ψ
ℓ1ℓ2
− 1
9
◦
Ψ
ℓ1
m
◦
Ψ
ℓ2m
δgℓ1ℓ2
− 1
108
(
◦
W −
◦
h ∧
◦
Ψ)ℓ1ℓ2ℓ3δZ
ℓ1ℓ2ℓ3 +
1
216
δXℓ1ℓ2ℓ3ℓ4
◦
X
ℓ1ℓ2ℓ3ℓ4
− 1
108
◦
X
m
ℓ1ℓ2ℓ3
◦
X
nℓ1ℓ2ℓ3
δgmn − 1
216
(
◦
h ∧ δZ)ℓ1ℓ2ℓ3ℓ4
◦
X
ℓ1ℓ2ℓ3ℓ4
. (4.13)
We remark that the expressions for δΨ, δX and δh are linear in δZ, δg,
◦
∇δZ,
◦
∇δg, whereas
the expressions for δW and δ∆ involve some second order derivatives acting on δg, δZ.
The remaining (unfixed) moduli are δg and δZ.
We shall now proceed to find elliptic systems of PDEs constraining δZ and δg, starting
with δZ. By taking the divergence of the Bianchi identity (4.10), we obtain
◦
∇
i ◦
∇iδZk1k2k3 − 3
◦
∇[k1
◦
∇
ℓ
δZk2k3]ℓ − 3
◦
Rℓ[k1δZ
ℓ
k2k3] −
◦
∇
ℓ
δXℓk1k2k3 = 0 , (4.14)
and by using the k1k2k3 component of the gauge field equation (A.14), we express the
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divergence of δX as follows
◦
∇
ℓ
δXℓk1k2k3 = −3
◦
∇[k1
◦
∇
ℓ
δZk2k3]ℓ + 3
◦
∇[k1(
◦
h
ℓ
δZk2k3]ℓ) + 6
◦
∇[k1(δgk2ℓ
◦
Ψk3]ℓ)
+
3
2
◦
∇[k1(
◦
Ψk2k3]δgℓ
ℓ) +
q
72
ǫ[k1k2
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7
◦
∇k3](δZℓ1ℓ2ℓ3
◦
Xℓ4ℓ5ℓ6ℓ7)
+
3
2
(
◦
∇mδgℓ[k1 +
◦
∇[k1δg|m|ℓ −
◦
∇
ℓ
δgm[k1)
◦
X
m
k2k3]ℓ + δgij
◦
∇
i ◦
X
j
k1k2k3
+
◦
∇
m
δgmℓ
◦
X
ℓ
k1k2k3 −
1
2
◦
∇
ℓ
δgm
m
◦
Xℓk1k2k3 +
◦
∇
ℓ
(
◦
h ∧ δZ)ℓk1k2k3
− 2
◦
∆δZk1k2k3 − δgij
◦
h
i ◦
X
j
k1k2k3 + 2δh
ℓ
◦
Xℓk1k2k3 +
◦
h
ℓ
δXℓk1k2k3
+ 2(δh ∧
◦
Ψ)k1k2k3 + 2(
◦
h ∧ δΨ)k1k2k3 + 3δgℓ[k1(
◦
W −
◦
h ∧
◦
Ψ)k2k3]ℓ
+
◦
h
ℓ
δXℓk1k2k3 − 2
◦
h
ℓ
(
◦
h ∧ δZ)ℓk1k2k3 −
1
2
δgℓ
ℓ(
◦
W −
◦
h ∧
◦
Ψ)k1k2k3
+
1
2
(−2
◦
h
ℓ
δgℓ
q +
◦
h
q
δgℓ
ℓ)
◦
Xqk1k2k3 + 3
◦
h
q
δg[k1
ℓ
◦
Xk2k3]ℓq
− q
24
ǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6(δΨℓ1ℓ2
◦
Xℓ3ℓ4ℓ5ℓ6 +
◦
Ψℓ1ℓ2δXℓ3ℓ4ℓ5ℓ6 −
◦
Ψℓ1ℓ2(
◦
h ∧ δZ)ℓ3ℓ4ℓ5ℓ6)
+
q
12
δgℓ1mǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6
◦
Ψ
m
ℓ2
◦
Xℓ3ℓ4ℓ5ℓ6 +
q
6
δgℓ3mǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6
◦
Ψℓ1ℓ2
◦
X
m
ℓ4ℓ5ℓ6
+
q
18
ǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6(
◦
W −
◦
h ∧
◦
Ψ)ℓ1ℓ2ℓ3δZℓ4ℓ5ℓ6 . (4.15)
On substituting this expression back into (4.14), the
◦
∇[k1
◦
∇
ℓ
δZk2k3]ℓ terms cancel out.
Furthermore, there are a number of terms which are linear in δX , δh, δΨ which are
eliminated on using the Bianchi identity (4.10), together with (4.12) and (4.11), producing
terms which are linear in δZ, δg,
◦
∇δZ,
◦
∇δg. The resulting PDEs are an elliptic system for
δZ, with principal symbol generated by
◦
∇
2
.
Next, we consider the metric moduli δg. The linearized ij component of the Einstein
equations is
◦
∇
2
δgij −
◦
∇i
◦
∇jδgkk − (
◦
∇ℓ
◦
∇j −
◦
∇j
◦
∇ℓ)δgℓi − (
◦
∇ℓ
◦
∇i −
◦
∇i
◦
∇ℓ)δgℓj = Cij , (4.16)
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where
Cij = (
◦
∇iδgkj +
◦
∇jδgki −
◦
∇
k
δgij)
◦
hk −
◦
∇(i(
◦
hj)δgk
k) + 2
◦
∇(i(δgj)k
◦
h
k
)
+ 2
◦
∇(i(
◦
∇j)
◦
φ
b ◦
fabδφ
a) + 2
◦
∇(i(δZJj)
◦
QIJ
◦
Ψ
I
) + 2
◦
∇(i(
◦
H
J
j)k
◦
QIJδZ
I k)
− 8
◦
h(iδhj) + 2(−
◦
∆+
1
2
◦
∇k
◦
h
k
−
◦
hk
◦
h
k
)δgij
− 2δg(ik
◦
∇|k|
◦
hj) − 2
◦
h
k ◦
∇(iδgj)k + 2
◦
h
k ◦
∇kδgij − 2
◦
h(i
◦
∇
k
δgj)k
+ 4
◦
hk
◦
h(iδgj)
k + 2
◦
h(i
◦
∇j)δgkk + δgkk(
◦
∇(i
◦
hj) −
◦
hi
◦
hj)− 2δΨℓ(i
◦
Ψj)
ℓ
−
◦
Ψi
m
◦
Ψj
nδgmn + (
◦
h ∧
◦
Ψ−
◦
W )ℓ1ℓ2(iδZj)
ℓ1ℓ2 +
1
3
δXℓ1ℓ2ℓ3(i
◦
Xj)
ℓ1ℓ2ℓ3
+
1
2
◦
X iℓ1ℓ2
m
◦
Xj
ℓ1ℓ2nδgmn − 1
3
(
◦
h ∧ δZ)ℓ1ℓ2ℓ3(i
◦
Xj)
ℓ1ℓ2ℓ3 − 1
3
◦
gijδΨℓ1ℓ2
◦
Ψ
ℓ1ℓ2
− 1
6
δgij
◦
Ψmn
◦
Ψ
mn
+
1
3
◦
gij
◦
Ψm
ℓ
◦
Ψ
mq
δgℓq +
1
72
δgij
◦
Xℓ1ℓ2ℓ3ℓ4
◦
X
ℓ1ℓ2ℓ3ℓ4
+
1
36
◦
gijδXℓ1ℓ2ℓ3ℓ4
◦
X
ℓ1ℓ2ℓ3ℓ4
− 1
18
◦
gij
◦
X
m
ℓ1ℓ2ℓ3
◦
X
nℓ1ℓ2ℓ3
δgmn +
1
9
◦
gij(
◦
W −
◦
h ∧
◦
Ψ)ℓ1ℓ2ℓ3δZ
ℓ1ℓ2ℓ3
− 1
36
◦
gij(
◦
h ∧ δZ)ℓ1ℓ2ℓ3ℓ4
◦
X
ℓ1ℓ2ℓ3ℓ4
, (4.17)
which is linear in δZ, δg,
◦
∇δZ,
◦
∇δg. Furthermore, in (4.16), terms of the form (
◦
∇ℓ
◦
∇j −
◦
∇j
◦
∇ℓ)δgℓi can be rewritten as terms linear in δg and the Riemann tensor
◦
R, hence can
be incorporated into the algebraic term on the RHS. The trace term δgk
k is again fixed
by the elliptic condition (2.13), so (4.16) is an elliptic set of PDEs for the traceless part
of δg, with principal symbol generated by
◦
∇
2
.
Taken together, the conditions (4.14) and (4.16) and (2.13) constitute elliptic PDEs
on the moduli {δZ, δg}, with the remaining moduli {δW, δΨ, δX, δh, δ∆} fixed in terms
of {δZ, δg} by (4.9), (4.10), (4.11), (4.12) and (4.13). The moduli space is therefore finite
dimensional.
5 Conclusions
We have proven that the moduli space of transverse deformations of extremal event
horizons in Einstein-Maxwell-Dilaton theory in any dimension, and including topologi-
cal terms in four and five dimensions, is finite dimensional. We have also demonstrated
the same result in eleven-dimensional supergravity, with an arbitrary coupling of the
topological term. The treatment of the gauge field moduli in both these theories is very
similar. We remark that some of the Einstein-Maxwell-Dilaton theories could be obtained
by dimensional reduction of pure gravity in higher dimensions. In such cases, the finite
dimensionality of the moduli spaces would be inherited from the higher dimensional cal-
culation via the result of [17]. However, the case of D=11 supergravity cannot be obtained
from such a reduction.
15
There are a number of further theories for which it would be interesting to investigate
the moduli space of the transverse deformations, such as gravity coupled to a non-abelian
gauge theory. Horizons in such theories have been considered in [19]. Higher derivative
theories, for example α′-corrected heterotic theory, could also be considered. Supersym-
metric event horizons in this theory were analyzed in [20], and it is unclear how the higher
derivative terms would alter the elliptic systems. Beyond proving that the moduli space
of deformations is finite-dimensional, the next step is to actually count the moduli, or at
least to obtain further conditions on the number of moduli. Work in this direction is in
progress.
Appendix A The field equations
In this appendix we list the various components of the field equations, expressed in terms
of the horizon data. We denote by ∇˜ the Levi-Civita connection on S, restricted to
r = const..
A.1 Einstein-Maxwell-Dilaton theory
The components of the Einstein equation (3.2) are:
The ++ component:
R++ − 1
2
r2QIJ(W
I
i W
J i − 2W Ii ΨJhi +ΨIΨJhihi)
−1
4
r3∆QIJ(2W
I
i Z
J i − 2ΨIZJi hi)−
1
8
r4∆2(fabφ˙
aφ˙b +QIJZ
I
i Z
J i) = 0 . (A.1)
The +− component:
R+− +
1
2(D − 2)QIJ(2H
I
ijH
J ij + (D − 3)ΨIΨJ)− 1
D − 2V
+r
4−D
2(D − 2)QIJ(W
I
i Z
J i −ΨIZJi hi)
+r2
(
4−D
4(D − 2)∆
2QIJZ
I
i Z
J i − 1
4
∆fabφ˙
aφ˙b
)
= 0 . (A.2)
The −− component:
R−− − 1
2
fabφ˙
aφ˙b − 1
2
QIJZ
I
i Z
J i = 0 . (A.3)
The +i component:
R+i +
1
2
rQIJ(Ψ
IW Ji −ΨIΨJhi −HIijW J j +HIijΨJhj)
−1
4
r2∆(fabφ˙
a∇˜iφb +QIJHIijZJ j −QIJΨIZJi ) +
1
4
r3∆hifabφ˙
aφ˙b = 0 . (A.4)
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The −i component:
R−i − 1
2
fabφ˙
a∇˜iφb − 1
2
QIJ(Ψ
IZJi + Z
I jHJij) +
1
2
rhifabφ˙
aφ˙b = 0 . (A.5)
The ij component:
Rij − 1
2
fab∇˜iφa∇˜jφb − 1
2
QIJH
I
ikH
J
j
k − 1
D − 2gijV
+
1
4(D − 2)gijQIJ(H
I
kℓH
J kℓ − 2ΨIΨJ)
+r
(
fabh(iφ˙
a∇˜j)φb + 1
D − 2gijQIJZ
I
ℓ (W
J ℓ −ΨJhℓ)−QIJ(W I(iZJj) −ΨIZJ(jhi))
)
+r2
(
− 1
2
hihjfabφ˙
aφ˙b − 1
2
∆QIJZ
I
i Z
J
j +
1
2(D − 2)∆gijQIJZ
I
ℓZ
J ℓ
)
= 0 . (A.6)
The components of the gauge field equation (3.3) are:
The + component:
−∇˜iW Ii + hiW Ii +ΨI∇˜ihi − hihiΨI −
1
2
d˜hijH
I ij
QIK∂aQKJ(Ψ
Jhi∇˜iφa −W Ji ∇˜iφa) + hi∇˜iΨI
+r
(
QIK∂aQKJ(φ˙
ahiW Ji − h2ΨJ φ˙a −
1
2
∆ZJi ∇˜iφa −
1
2
∆φ˙aΨJ)
−1
2
∆Ψ˙I + hiW˙ Ii +
3
2
∆hiZIi − ZIi ∇˜i∆−
1
2
∆∇˜iZIi − h2Ψ˙I −ΨIhih˙i
+(
1
2
g˙k
khj − hig˙ij)(W I j −ΨIhj)− 1
4
g˙k
k∆ΨI + hih˙jH
I ij
)
+
r2
2
(
QIK∂aQKJ φ˙
a∆hiZJi + (
1
2
g˙k
khj − hig˙ij)∆ZI j
+2∆˙hiZIi +∆h
iZ˙Ii −∆h˙iZIi
)
= 0 . (A.7)
The − component:
Ψ˙I − ∇˜iZIi + hiZIi −QIK∂aQKJ∇˜iφaZJi +
1
2
g˙k
kΨI +QIK∂aQKJ φ˙
aΨJ
+r
(
QIK∂aQKJ φ˙
ahiZJi + h
iZ˙Ii + h˙
iZIi + (
1
2
g˙k
khj − hig˙ij)ZI j
)
= 0 . (A.8)
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The i component:
W Ii + ∇˜jHIji −ΨIhi − hjHIji +QIK∂aQKJ∇˜jφaHJji
+r
(
QIK∂aQKJ(φ˙
aW Ji −ΨJ φ˙ahi − φ˙ahjHJji) + 2∆ZIi
+W˙ Ii − Ψ˙Ihi −ΨI h˙i − hjH˙Iji − h˙jHIji +
1
2
g˙k
k(W Ii −ΨIhi)
−1
2
g˙k
khjHIji + h
j g˙jkH
I k
i + hjH
I jkg˙ki − g˙ij(W I j −ΨIhj)
)
+r2
(
QIK∂aQKJ∆φ˙
aZJi + ∆˙Z
I
i +∆Z˙
I
i +
1
2
g˙k
k∆ZIi − g˙ij∆ZI j
)
= 0 . (A.9)
The scalar field equation (3.4) reduces in terms of the horizon data to:
∇˜i∇˜iφa − hi∇˜iφa + fab(∂cfbd − 1
2
∂bfcd)∇˜iφc∇˜iφd
+
1
4
fab∂bQIJ(2Ψ
IΨJ −HIijHJ ij)− fab∂bV
+r
(
∇˜jφa(hig˙ij − 1
2
g˙k
khj) + φ˙
a(2∆ + hih
i)− φ˙a∇˜ihi − 2hi∇˜iφ˙a
−fab(∂cfbd + ∂dfbc − ∂bfcd)φ˙c∇˜iφdhi − 1
2
fab∂bQIJ(Z
I
iW
J i − hiZIiΨJ)
)
+r2
(
− hjφ˙a(hig˙ij − 1
2
g˙k
khj) + (∆ + h
ihi)φ¨
a + ∆˙φ˙a + 2hih˙
iφ˙a +
3
4
g˙k
k∆φ˙a
+fab(∂cfbd − 1
2
∂bfcd)φ˙
cφ˙d(∆ + hihi)− 1
4
fab∂bQIJ∆Z
I
i Z
J i
)
= 0 . (A.10)
A.2 D=11 Supergravity
The gauge field equation (4.4) decomposes into the following components.
The +− k component:
∇˜ℓΨℓk − rhℓΨ˙ℓk − 1
2
r(d˜h)mnZmnk + rh
ℓg˙ℓ
qΨqk − 1
2
rhqΨqkg˙m
m + rhℓg˙k
qΨℓq
=
q
576
ǫk
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8Xℓ1ℓ2ℓ3ℓ4Xℓ5ℓ6ℓ7ℓ8 −
qr
72
ǫk
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7ℓ8hℓ1Zℓ2ℓ3ℓ4Xℓ5ℓ6ℓ7ℓ8 . (A.11)
The +k1k2 component:
∇˜ℓ(W − h ∧Ψ)ℓk1k2 + 2r∆hℓZℓk1k2 + hℓ(W − h ∧Ψ)ℓk1k2
+rhℓ(W˙ − h˙ ∧Ψ− h ∧ Ψ˙)ℓk1k2 +
1
2
(−d˜hmn + rhmh˙n)Xmnk1k2
+
1
2
rd˜hmn(h ∧ Z)mnk1k2 +
1
2
r(−2hℓg˙ℓq + hqg˙mm)(W − h ∧Ψ)qk1k2
−rhℓg˙k1q(W − h ∧Ψ)ℓqk2 + rhℓg˙k2q(W − h ∧Ψ)ℓqk1
=
q
72
ǫk1k2
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7(W − h ∧Ψ)ℓ1ℓ2ℓ3Xℓ4ℓ5ℓ6ℓ7 −
qr
18
ǫk1k2
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7hℓ1Zℓ2ℓ3ℓ4Wℓ5ℓ6ℓ7 .
(A.12)
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The −k1k2 component:
∇˜ℓZℓk1k2 = Ψ˙k1k2 + hℓZℓk1k2 − g˙k1ℓΨℓk2 + g˙k2ℓΨℓk1 +
1
2
g˙m
mΨk1k2
+
q
72
ǫk1k2
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6ℓ7Zℓ1ℓ2ℓ3Xℓ4ℓ5ℓ6ℓ7 (A.13)
and the k1k2k3 component:
∇˜ℓ(X − rh ∧ Z)ℓk1k2k3 + 2r∆Zk1k2k3 − (hℓ + rh˙ℓ)Xℓk1k2k3 + (W − h ∧Ψ)k1k2k3
+r(W˙ − h˙ ∧Ψ− h ∧ Ψ˙)k1k2k3 − 3rg˙ℓ[k1(W − h ∧Ψ)k2k3]ℓ − rhℓX˙ℓk1k2k3
+2rhℓ(h ∧ Z)ℓk1k2k3 +
1
2
rg˙m
m(W − h ∧Ψ)k1k2k3
−1
2
r(−2hℓg˙ℓq + hqg˙mm)Xqk1k2k3 − 3rhqg˙[k1ℓXk2k3]ℓq
= − q
24
ǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6Ψℓ1ℓ2(X − rh ∧ Z)ℓ3ℓ4ℓ5ℓ6 +
qr
18
ǫk1k2k3
ℓ1ℓ2ℓ3ℓ4ℓ5ℓ6(W − h ∧Ψ)ℓ1ℓ2ℓ3Zℓ4ℓ5ℓ6 .
(A.14)
It should be noted that in (A.11)-(A.14), we have supppressed the appearance of
terms of the form Z˙, and also ∆˙Z, h˙Z, g˙Z, because as we explain in section 4.1, Z is
linear in the moduli, and hence these terms are suppressed in the moduli space calculation.
Furthermore, (A.12) has been simplified by making use of (A.13) to eliminate the ∇˜ℓZℓk1k2
term from (A.12).
The Einstein equation (4.5) decomposes into the following components:
The ++ component:
R++ =
1
12
r2(W − h ∧Ψ)ℓ1ℓ2ℓ3(W − h ∧Ψ+ r∆Z)ℓ1ℓ2ℓ3 . (A.15)
The +− component:
R+− = −1
6
Ψℓ1ℓ2Ψ
ℓ1ℓ2 +
1
36
r(W − h ∧Ψ)ℓ1ℓ2ℓ3Zℓ1ℓ2ℓ3
− 1
144
Xℓ1ℓ2ℓ3ℓ4X
ℓ1ℓ2ℓ3ℓ4 +
1
72
r(h ∧ Z)ℓ1ℓ2ℓ3ℓ4Xℓ1ℓ2ℓ3ℓ4 . (A.16)
The +i component:
R+i = −1
4
rΨℓ1ℓ2(W − h ∧Ψ+
1
2
r∆Z)i
ℓ1ℓ2 − 1
12
r2(W − h ∧Ψ)ℓ1ℓ2ℓ3(h ∧ Z)iℓ1ℓ2ℓ3
+
1
12
rXi
ℓ1ℓ2ℓ3(W − h ∧Ψ+ 1
2
r∆Z)ℓ1ℓ2ℓ3 . (A.17)
The −i component:
R−i =
1
4
Ψℓ1ℓ2Zi
ℓ1ℓ2 +
1
12
Zℓ1ℓ2ℓ3Xi
ℓ1ℓ2ℓ3 . (A.18)
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The ij component:
Rij = −1
2
ΨiℓΨj
ℓ +
1
2
r(W − h ∧Ψ+ 1
2
r∆Z)ℓ1ℓ2(iZj)
ℓ1ℓ2 +
1
12
Xiℓ1ℓ2ℓ3Xj
ℓ1ℓ2ℓ3
+
1
6
r(h ∧ Z)ℓ1ℓ2ℓ3(iXj)ℓ1ℓ2ℓ3 +
1
12
gijΨℓ1ℓ2Ψ
ℓ1ℓ2 − 1
144
gijXℓ1ℓ2ℓ3ℓ4X
ℓ1ℓ2ℓ3ℓ4
− 1
18
rgij(W − h ∧Ψ)ℓ1ℓ2ℓ3Zℓ1ℓ2ℓ3 +
1
72
rgij(h ∧ Z)ℓ1ℓ2ℓ3ℓ4Xℓ1ℓ2ℓ3ℓ4 . (A.19)
Appendix B Ricci Tensor
The Ricci tensor components in the frame basis (2.3) are
R++ = r
2
(
1
2
∇˜i∇˜i∆− 3
2
hi∇˜i∆− 1
2
∆∇˜ihi +∆hihi + 1
4
d˜hij d˜h
ij
)
+ r3
(
− hi∇˜i∆˙− 1
2
∆˙∇˜ihi + 1
2
h˙i∇˜i∆+ 1
2
∆∇˜ih˙i + 2∆˙hihi −∆hih˙i
+
1
4
∆g˙k
khih
i − 1
2
∆g˙ijh
ihj − 1
4
g˙k
khi∇˜i∆+ 1
2
g˙ijh
i∇˜j∆− hih˙j d˜hij
)
+O(2) ,
(B.1)
R+− =
1
2
∇˜ihi −∆− 1
2
hihi
+ r
(
1
2
∇˜ih˙i − 1
2
∆g˙k
k − 1
4
g˙k
khih
i +
1
2
g˙ijh
ihj − 2∆˙− 2hih˙i
)
+O(2) , (B.2)
R−− = O(2) , (B.3)
R+i = r
(
1
2
∇˜kd˜hik + hj d˜hji +∆hi − ∇˜i∆
)
+ r2
(
− 1
2
∆h˙i +
1
2
h˙i∇˜jhj + hj∇˜jh˙i − 1
2
hi∇˜j h˙j − 1
2
∇˜i(hj h˙j)
+ 2∆˙hi − 1
2
∇˜i∆˙ + 3hjh[ih˙j] − 3
4
∆g˙ijh
j +
1
2
g˙ij∇˜j∆+ 1
4
∆∇˜j g˙ij
− 1
4
∇˜i(∆g˙kk) + 3
8
∆hig˙k
k +
1
2
g˙i
j d˜hjkh
k +
1
4
g˙k
khj d˜hji +
1
2
d˜hi
j g˙jkh
k
)
+O(2) ,
(B.4)
R−i = h˙i +
1
2
∇˜j g˙ji − 1
2
∇˜ig˙kk + 1
4
hig˙k
k − 1
2
g˙ijh
j +O(2) , (B.5)
20
Rij = R˜ij + ∇˜(ihj) − 1
2
hihj
+ r
(
∇˜(ih˙j) − 3h(ih˙j) +
(−∆+ 1
2
∇˜khk − hkhk
)
g˙ij − g˙(ik∇˜|k|hj)
− hk∇˜(ig˙j)k + hk∇˜kg˙ij − h(i∇˜kg˙j)k + 2hkh(ig˙j)k + h(i∇˜j)g˙kk
+
1
2
g˙k
k
(∇˜(ihj) − hihj)
)
+O(2) . (B.6)
Here O(2) consists of terms linear in h¨, ∆¨, g¨, and terms quadratic in h˙, ∆˙, g˙, which
play no role in the moduli space calculations.
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